In this paper we study the invariance of the noncommutative gauge theories under C, P and T transformations. For the noncommutative space (when only the spatial part of θ is non-zero) we show that NCQED is Parity invariant. In addition, we show that under charge conjugation the theory on noncommutative R 4 θ is transformed to the theory on R 4 −θ , so NCQED is a CP violating theory. The theory remains invariant under time reversal if, together with proper changes in fields, we also change θ by −θ. Hence altogether NCQED is CPT invariant. Moreover we show that the CPT invariance holds for general noncommutative space-time. *
Introduction
Recently it has been shown that the noncommutative spaces arise naturally when one studies the perturbative string theory in the presence of D-branes with non-zero B-field background, i.e. the low energy worldvolume theory on such branes is a noncommutative supersymmetric gauge theory(for a review of the field see [1] )
Besides the string theory arguments, the noncommutative filed theories by themselves are very interesting. Generally noncommutative version of a field theory is obtained by replacing the product of the fields appearing in the action by the *-product:
where f and g are two arbitrary functions, which we assume to be infinitely differentiable.
The "Moyal Bracket" of two functions is
It is apparent that if we choose f and g to be the coordinates themselves we find
and this is why these spaces are called noncommutative. Moreover consistently we assume the derivatives to act trivially on this space:
Because of the nature of the *-product, the noncommutative field theories for the slowly varying fields or low energies (θE 2 < ∼ 1) effectively reduce to their commutative version. Since the derivatives are commuting after rewriting the noncommutative fields and their action in terms of the Fourier modes we find a commutative filed theory in the momentum space, and this field theory has unfamiliar momentum dependent interactions [2] . In this way we find a tool to study these theories perturbatively, like the usual commutative field theories.
It has been shown that the noncommutative version of φ 4 theory in 4 dimensions is two loop renormalizable [3, 4] , moreover it is shown that the noncommutativity parameter, θ, do not receive quantum corrections.
The pure noncommutative U(1) theory has been discussed and shown to be one loop renormalizable. The one loop beta function for noncommutative U(1) is negative (and hence the theory is asymptotically free). The more interesting result is that this one loop beta function is not θ dependent [2, 5, 6] . However, it is not clear whether this property remains at higher loops. It is believed that all of these one loop properties of noncommutative to be a consequence of the fact that the planar degrees of freedom of noncommutative theories is the same as a commutative theory [8] . The question of the renormalizability has also been addressed for noncommutative QED (noncommutative U(1)+ fermions) [7] .
In this paper we study another interesting question about noncommutative theories regarding their behaviour under discrete symmetries. This question has been very briefly discussed in [7] . Hence first we should build the noncommutative version of QED, NCQED.
We show that there are two distinct choices for the fermion representations. We will show that these two are related by charge conjugation, so we may call them positively or negatively charged representations. We will give more intuitive explanations for these representations.
In the section 3, we study the behaviour of our theory under discrete symmetries. In this section we show the explicit calculations for the cases with θ 0i = 0 (x 0 is the time coordinate) and we just present the results for the non-zero θ 0i case in the last part of this section. For the θ 0i = 0 cases, we show that our theory, NCQED, is parity invariant, with the usual transformation of the fields; and studying the charge conjugation transformations we show that the the NCQED is not C-invariant and in order to make the theory invariant besides the usual field transformations we should also change θ by −θ. In addition we show that the same θ changing is needed for time reversal invariance. So, although our theory is CP violating, it is CPT invariant. For the general θ we show that though C , P and T are broken, the whole theory is again CPT invariant. The last section is devoted to conclusions and remarks.
Building the NCQED i)Pure Gauge theory
The action for the pure gauge theory is
In the above g is the gauge coupling constant. Let us consider the following transformations
Under the above transformations
Hence due to the cyclic property of integration over space (see the Appendix A) the action is invariant under (2.3). The above argument can be trivially generalized to SU(N) cases by letting A and λ take values in the related algebra. However in this paper we only consider the U(1) case.
ii)Fermionic Part
In order to write down the fermionic part of the action with the noncommutative U(1) symmetry mentioned above, first we need to find the proper "fundamental" representations of the noncommutative U(1) group. There are two distinct choices for that:
a) The representation with
and b) the other with
(2.7)
We will show that this two type of fermions are related by a charge conjugation transformation. The next step is finding a "covariant" derivative, D µ . For fermions these two type of fermions we have different "covariant" derivatives a)
One can show that with each of the covariant derivatives defined above (with the proper fermionic representation ), the action
is invariant under the noncommutative U(1) transformations.
P, C and T Invariance
Having the form of the action we are ready to study the P, C, and T symmetries. For the sake of certainty up to the last part of this section we consider the noncommutative spaces,
i.e. θ 0i = 0, and in the last paragraph we discuss the non-zero θ 0i and the most general noncommutative space-time.
Parity
Under the parity, x i → −x i , the θ parameter is not changed (see (1.2) ). It is straightforward to show that for parity transformation given by:
the NCQED action is invariant for both of the fermionic choices.
Charge Conjugation
Let us first study the pure noncommutative U(1) case. Under the usual charge conjugation, C-, transformations,
(2.1) is not invariant, because the first term in the F will change the sign but the second term, {A µ , A ν }, will remain the same. To make the theory C invariant we note that the Moyal bracket changes the sign if together with (3.2) we also change θ by
The above θ transformation has an intuitive explanation. As discussed in [9, 2] , the gauge symmetry of noncommutative U(1) is an infinite dimensional algebra which its Cartan subalgebra (the zero momentum sector) is a U(1) leading to a photon like state, and all the other gauge particles look like dipoles under this U(1), whose dipole moment is proportional to the θ. So, in this picture we feel the necessity of (3.3), under charge conjugation.
Hence, the noncommutative U(1) theory with parameter θ is mapped to another noncommutative U(1) theory with −θ.
Now, we should consider the fermionic part. Since the kinetic part of the fermionic action is unchanged, we take the usual C-transformations: 
Time Reversal
First we consider the pure noncommutative U(1) and then we study fermions. Under the time reversal, in order to keep the kinetic part of our gauge field action, A µ should transform
6)
Now let us look at the terms with Moyal brackets. Since time reversal operator involves a complex conjugation, for any two real fields, f and g we have
where f T and g T show the time reversed f and g respectively, then we have
Since A µ 's are real fields,
and 
The Fermionic Part
Since the kinetic term is quadratic in fields, ψ's should obey the usual time reversal transformations:
(3.12)
As for the interaction term, for the sake of certainty let us consider the type a) case, without changing θ. We find
where γ * µ is the complex conjugate of γ µ . Replacing ψ T and A T from (3.12) and (3.6), we obtain
14)
which is exactly the interaction term for type b) fermions. As we see in order to make the NCQED time reversal invariant we should consider (3.11), (3.12) and (3.6) together.
CPT Now that we have studied P, C, and T, it is interesting to consider the CP and CPT too.
As we showed parity transformations remain the same as the commutative version, however each of C and T involves an extra θ → −θ. So altogether the NCQED (with parameter θ) is CP violating, i.e. , it maps the theory to NCQED with −θ, and the theory is CPT invariant.
Non-zero θ 0i and general θ µν
As it is readily seen from (1.2) under parity the θ 0i components should be replaced with −θ 0i , and we can show that the (3.1) transformations together with this θ change is the symmetry of NCQED.
For the charge conjugation to make the theory invariant the change in θ parameter, (3. 3), should be extended to θ 0i components too.
It is straightforward to check that the time reversal invariance is achieved if θ 0i are unchanged while the θ ij components should be transformed by (3.11 ). Having in mind that time reversal involves a complex conjugation, this result is expected from (1.2). Hence for general θ µν the theory remains CPT invariant, although the theory violates P, C and T.
Conclusions and Remarks
In this paper we have reviewed the noncommutative gauge theory and their gauge symmetry and show that fermions can be added in two distinct fundamental representations of the gauge group. We have shown that these two representations are related by charge conjugation, so we called them positive or negative representations.
Studying the discrete symmetries for the θ 0i = 0 cases, we have shown that NCQED is parity invariant under the usual (commutative ) field transformations. For C and T transformations we showed that besides the usual field transformations we need an extra θ → −θ transformation. In other words, NCQED with θ is charge conjugated (or time reversed) of NCQED with −θ. Therefore, in this case NCQED is CT invariant, and hence CPT invariant.
For the general θ µν , we discussed that P, C and T invariance are broken, however the the theory is again CPT invariant.
Noncommutative gauge theories seem to provide a very good framework for the CP violating models, which are of great importance in particle physics phenomenology. An advantage of the noncommutative theories for this purpose is that in the low energy region (θE 2 < ∼ 1) the noncommutativity effects are suppressed and the theory is effectively CP invariant. Another advantage of these theories is that the beta function is not θ dependent and furthermore θ does not receive quantum corrections. Therefore the amount of CP violation is completely under control.
In this paper we used the following conventions:
